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Abstract. The low-temperature properties of the Heisenberg antiferromagnet in 2+1 space-time di-
mensions are analyzed within the framework of effective Lagrangians. It is shown that the magnon-
magnon interaction is very weak and repulsive, manifesting itself through a term proportional to five
powers of the temperature in the pressure. The structure of the low-temperature series for antifer-
romagnets in 2+1 dimensions is compared with the structure of the analogous series for antiferro-
magnets in 3+1 dimensions. The model-independent and systematic effective field theory approach
clearly proves to be superior to conventional condensed matter methods such as spin-wave theory.
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MOTIVATION
In the present study we focus our attention on the low-energy properties of antiferro-
magnets in dimension d=2+1. A thorough analysis of these condensed matter systems,
using effective field theory methods, was performed in Refs. [1, 2, 3, 4, 5]. Here, we
go one step further in the perturbative expansion, taking into account contributions to
the free energy density up to three-loop order. The improvement by going from two- to
three-loop order is that the interaction among the spin-wave degrees of freedom only
starts manifesting itself at the three-loop level. We show that the magnon-magnon inter-
action in the O(3) antiferromagnet in d=2+1 – the O(3)-invariant quantum Heisenberg
antiferromagnet on a square or a honeycomb lattice – is very weak and repulsive and
manifests itself through a term proportional to five powers of the temperature in the free
energy density.
Although our analysis is general, referring to any system which exhibits a sponta-
neously broken symmetry O(N) → O(N-1) and a Lorentz-invariant leading-order effec-
tive Lagrangian, our interest will be devoted to the special case N=3. Here the internal
O(3) spin symmetry of the isotropic Heisenberg model is spontaneously broken by the
ground state which displays a non-zero staggered magnetization.
One may wonder why the quantum Heisenberg antiferromagnet,
H =−J ∑
n.n.
~Sm ·~Sn , J = const. , (1)
represents a system described by a Lorentz-invariant leading-order effective Lagrangian.
After all, the lattice structure of a solid singles out preferred directions, such that the
effective Lagrangian in general is not even invariant under space rotations. In the case
of a square lattice, however, the anisotropy only shows up at higher orders of the
derivative expansion [5] – the discrete symmetries of the two-dimensional system thus
imply space rotation symmetry at leading order in the effective expansion. The same is
true for an antiferromagnet defined on a honeycomb lattice. Hence, the leading-order
effective Lagrangian describing the quantum Heisenberg antiferromagnet on a square or
honeycomb lattice is invariant under space rotations and can be brought to a (pseudo-)
Lorentz-invariant form [6]: Antiferromagnetic spin-wave excitations exhibit relativistic
kinematics, with the velocity of light replaced by the spin-wave velocity.
EFFECTIVE FIELD THEORY EVALUATION
In a Lorentz-invariant framework the construction of effective Lagrangians is straight-
forward [7]: One writes down the most general expression consistent with Lorentz sym-
metry and the internal, spontaneously broken symmetry G of the underlying model in
terms of Goldstone fields Ua(x),a = 1, . . ., dim(G)-dim(H) – the effective Lagrangian
then consists of a string of terms involving an increasing number of derivatives or, equiv-
alently, amounts to an expansion in powers of the momentum.
In the particular case we are considering, the symmetry G = O(N) is explicitly broken
by an external field. It is convenient to collect the (N-1) Goldstone fields Ua in a N-
dimensional vector U i = (U0,Ua) of unit length,
U i(x)U i(x) = 1 , (2)
and to take the constant external field along the zeroth axis, H i = (H,0, . . . ,0). The
Euclidean form of the effective Lagrangian up to and including order p4 then reads [1]:
Le f f = L 2e f f +L 4e f f ,
L
2
e f f = 12F
2∂µU i∂µU i − ΣsH iU i ,
L
4
e f f = −e1(∂µU i∂µU i)2 − e2 (∂µU i∂νU i)2
+k1
Σs
F2
(H iU i)(∂µU k∂µU k) − k2
Σ2s
F4
(H iU i)2 − k3
Σ2s
F4
H iH i .
In the effective Lagrangian framework at finite temperature, the partition function is
represented as a Euclidean functional integral
Tr [exp(−H /T )] =
∫
[dU ] exp
(
−
∫
T
d4xLe f f
)
, (3)
where the integration is performed over all field configurations which are periodic in the
Euclidean time direction: U(~x,x4 +β ) =U(~x,x4), with β ≡ 1/T .
We have evaluated the partition function of an O(N) antiferromagnet in dimension
d=2+1 up to three-loop order – the relevant Feynman graphs are shown in Fig.1.
One notices that the spatial anisotropies which indeed start manifesting themselves at
next-to-leading order in the effective Lagrangian through terms like
∑
s=1,2
∂s∂sU i ∂s∂sU i , (4)
3 4a 5 d4 b2
4 4
5c5a 5 b
FIGURE 1. Feynman graphs related to the low-temperature expansion of the partition function for an
O(N) antiferromagnet up to three-loop order in dimension d=2+1. The numbers attached to the vertices
refer to the piece of the effective Lagrangian they come from. Vertices associated with the leading term
L 2e f f are denoted by a dot. Note that loops are suppressed by one momentum power in d=2+1.
cannot manifest themselves in the magnon-magnon interaction up to the order p5 con-
sidered in the present work: although they give rise to an additional term in the free
energy density involving five powers of the temperature, this is a purely kinematical
effect related to the one-loop graph 5d.
RESULTS
We are particularly interested in the limit T ≫ Mpi which we implement by holding
T fixed and sending Mpi (or, equivalently, the external field H) to zero. The pressure
P, the energy density u, the entropy density s, and the heat capacity cV for the O(3)
antiferromagnet in 2+1 dimensions are then given by
P =
ζ (3)
pi
T 3
[
1− piq1ζ (3)
T 2
F4
+O(T 3)
]
≈ 0.3826T 3
[
1+0.02294 T
2
F4
+O(T 3)
]
,
u =
2ζ (3)
pi
T 3
[
1− 2piq1ζ (3)
T 2
F4
+O(T 3)
]
≈ 0.7653T 3
[
1+0.04589 T
2
F4
+O(T 3)
]
,
s =
3ζ (3)
pi
T 2
[
1− 5piq13ζ (3)
T 2
F4
+O(T 3)
]
≈ 1.1479T 2
[
1+0.03824 T
2
F4
+O(T 3)
]
,
cV =
6ζ (3)
pi
T 2
[
1− 10piq1
3ζ (3)
T 2
F4
+O(T 3)
]
≈ 2.2958T 2
[
1+0.07648 T
2
F4
+O(T 3)
]
.(5)
The coefficient q1 is a pure number, originating from the numerical evaluation of the
three-loop graph 5c. The respective first terms in the above series represent the free
Bose gas contribution which originates from a one-loop graph. The effective interaction
among the Goldstone bosons only manifests itself through a term of order T 5 in the
pressure, related to a three-loop graph. Interestingly, the coefficient q1 is negative, such
that the magnon-magnon-interaction in the O(3) antiferromagnet in d=2+1 is repulsive
at low temperatures. It is remarkable that the coefficient of the interaction term in these
series is fully determined by the symmetries inherent in the leading-order effective
Lagrangian, and does not involve any next-to-leading order coupling constants from
L 4e f f , reflecting the anisotropies of the square lattice or the Lorentz-noninvariant nature
of the quantum Heisenberg antiferromagnet defined on a square or a honeycomb lattice
– the symmetry is thus very restrictive in d=2+1.
The fact that an interaction term proportional to four powers of the temperature does
not show up in the temperature expansion for the pressure of the O(3) antiferromagnet in
the limit T ≫Mpi , was already pointed out in Ref. [5]: this was an effective Lagrangian
calculation that operated on the two-loop level. We are not aware of any microscopic
calculation that aimed at this accuracy. Moreover, our result that the leading contribution
of the magnon-magnon interaction in the pressure is repulsive and of order T 5 requires
a three-loop calculation on the effective level, performed in the present study - it is
probably fair to say that this accuracy is beyond the reach of any realistic microscopic
calculation based on spin-wave theory.
We now want to compare the low-temperature series for antiferromagnets in 2+1
dimensions with those for antiferromagnets in 3+1 dimensions, which take the form
P = 145pi
2 T 4
[
1 + 1
72
T 4
F4
ln
Tp
T
+ O(T 6)
]
,
u = 115pi
2 T 4
[
1 + 1
216
T 4
F4
(
7 ln
Tp
T
−1
)
+ O(T 6)
]
,
s = 445pi
2 T 3
[
1 +
1
288
T 4
F4
(
8 ln
Tp
T
−1
)
+ O(T 6)
]
,
cV =
4
15pi
2 T 3
[
1 +
1
864
T 4
F4
(
56 ln Tp
T
−15
)
+ O(T 6)
]
. (6)
The respective first contributions represent the free Bose gas term which originates
from a one-loop graph, whereas the effective interaction among the Goldstone bosons,
remarkably, only manifests itself through a term of order T 8 in the pressure. This
contribution contains a logarithm, characteristic of the effective Lagrangian method in
four space-time dimensions, which involves a scale, Tp, involving coupling constants
from L 4e f f . At low temperatures, the logarithm ln[Tp/T ] in the pressure is positive, such
that the interaction among the Goldstone bosons in d=3+1, in the absence of an external
field H, is repulsive, much like in d=2+1. The symmetries in d=3+1, however, are
somewhat less restrictive than in d=2+1, where the interaction term is unambiguously
determined by the coupling constant F of the leading order effective Lagrangian. Details
of the calculation and a more elaborate discussion of the results can be found in the
original articles [8, 9].
CONCLUSIONS
Our main result is that the interaction among magnons in the O(3)-invariant Heisenberg
antiferromagnet, defined on a square or a honeycomb lattice, is very weak and repulsive
at low temperatures, manifesting itself through a term proportional to five powers of
the temperature in the pressure. Remarkably, the coefficient of this interaction term is
fully determined by the leading-order effective Lagrangian L 2e f f and does not involve
any higher order effective constants from L 4e f f . Additional effective constants in L 4e f f ,
taking into account the Lorentz-noninvariant nature of the system, merely affect the
renormalization of the magnon mass or yield higher-order corrections to the magnon
dispersion law, but do not affect at all the leading contribution originating from the
magnon-magnon interaction in the pressure.
We would like to emphasize that the order of the calculation presented here, appears
to be beyond the reach of any realistic microscopic calculation based on spin-wave
theory or other standard condensed matter methods methods, such as Schwinger boson
mean field theory. The fully systematic effective Lagrangian method thus clearly proves
to be more efficient than the complicated microscopic analysis. Another virtue of the
effective Lagrangian technique is that it addresses the problem from a unified and model-
independent point of view based on symmetry – at large wavelengths, the microscopic
structure of the system only manifests itself in the numerical values of a few coupling
constants.
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